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NOMENCLATURE

A nN
Phase angle of the nN th harmonic of B mag . α p Magnet pole arc width (MPAW) ratio. α pj MPAW ratio of the jth magnet set.
B ag
Open-circuit air gap radial magnetic flux density.
B mag
Open-circuit air gap radial magnetic flux density without slot effect consideration. Mechanical angular speed of the machine.
I. INTRODUCTION
D
IRECT-DRIVE systems that involve no mechanical transmission trains and gearboxes have been attracting considerable interests in electric propulsion applications in recent years [1] - [5] . This is due to the general perception that they enjoy higher efficiency and reliability due to the absence of the mechanical gears used in conventional drive systems. Since high-performance direct drives require motors with high torque density to develop tractive force directly at the shaft, highstrength rare earth permanent-magnet synchronous machines (PMSMs) with an outer-rotor configuration are considered as an ideal candidate. This is because the outer-rotor PMSM has the highest torque density among other permanent-magnet (PM) machine configurations with similar ratings. However, in a direct drive, the absence of mechanical gears means that the adverse effects of torque ripple generated at the shaft of a PMSM is unabated. In addition, the use of high-strength rare earth magnets not only results in high average torque but also generates high cogging torque. Furthermore, it is becoming strategically more important to embrace machine designs that minimize the wastage rate in the usage and assembly of rare earth magnets due to the growing demand and uncertain supply dynamics in the future.
For surface-mounted PMSMs (SM-PMSMs), the torque ripple comprises of the following two main components: 1) load-independent cogging torque arising from the PMs' tendency to align themselves with the minimum reluctance paths formed by varying positions between the rotor and the stator; 2) load-dependent torque pulsation due to the interactions between the harmonics of armature currents driven into the machine and the harmonics of the distorted sinusoidal back EMFs.
In addition, magnetic saturations in the stator and rotor cores will further exasperate the magnitude of the output torque of the machine [6] . Accordingly, torque ripple minimization techniques can be categorized into machine design based and machine control based [7] . The former concerns the optimization of cogging torque and back EMF during the electromagnetic design stage of the machine, while the latter mainly concerns the optimal control of armature current during the operation of the machine. Control methods with varying degrees of sophistication have been developed to mitigate the torque ripple while driving the PMSMs online [8] - [14] . On the other hand, a host of machine design techniques has been proposed to reduce cogging torque, harmonic contents of the back EMF, and, hence, torque pulsation of the PMSMs, including magnet shaping [15] - [18] , MPAW and skewing [19] - [22] , combinations of the stator slot and rotor pole number [23] , [24] , magnet segmentation [25] - [27] , magnet pole pairing [28] - [30] , and more sophisticated optimizations [31] - [33] . It is noteworthy, from the techniques surveyed, that there are invariably performance tradeoffs in the implementation of these optimization schemes. In addition, there appears no apparent interest on the efficient use of magnet materials in the existing studies.
This paper concerns a machine-design-based torque ripple reduction scheme for a high-performance direct-drive system used in an electric propulsion application. In [30] , a novel axial pole pairing method is first proposed, solely as an alternative cogging torque suppression technique to other conventional cogging torque reduction methods, for an outer-rotor SM-PMSM. As such, its utility as a new method in improving the machine's overall torque performance in a wider context, such as under loaded conditions, has not been established. Moreover, its potential in optimizing the usage of magnet material has not been discussed. This paper further investigates into the viability and limitations of the axial pole pairing method in torque ripple minimization, which considers the combined effects of cogging torque, back EMF harmonics, and loading conditions. Significantly, this paper will reveal that the magnet pole pairs for minimum torque ripple, unlike the ones solely for minimum cogging torque, are dependent on the loading conditions of the machine. In Section II, an approximate analytical model is developed to estimate the cogging torque, back EMF, and torque ripple of the SM-PMSM. In Section III, the outer-rotor SM-PMSM is introduced and analyzed by the analytical and 2-D finite element analysis (FEA) approaches. In Section IV, the impacts of MPAW on the cogging torque, back EMF harmonics, and overall torque pulsation of the proposed machine are studied using analytical and 2-D FEA models. Section V is devoted to detailed analysis and implementation of the axial pole pairing method in the minimization of cogging torque and torque ripples of the machine, with highlights on its assemblyand material-efficient aspects. Furthermore, in Section VI, both 3-D FEA and experimental results are presented to validate the analytical and synthesized 2-D FEA models, followed by the conclusion in Section VII.
II. ANALYTICAL MODELING OF TORQUE RIPPLE
Recently, computationally efficient FEA methods have been developed to investigate the torque ripple characteristics in interior PM machines [34] , [35] , where closed-form analytical models are practically infeasible. However, it generally gives no hints as to how the machine parameters are related to its torque features. A simplified closed-form analytical model, which can be easily derived in SM-PMSM, can provide useful insight into the ways in which the machine's performance can be optimized with reasonable accuracy. Generally, the reluctance torque in SM-PMSM can be neglected as a result of negligible rotor saliency. Thus, the instantaneous torque output of a threephase SM-PMSM can be easily derived by ignoring leakage inductance and saturation of the magnetic circuit as
In order to decouple the controller-induced nonlinearities, the current in the winding is assumed to be balanced and sinusoidal. Thus, the first term in the right side of (1) (the electromagnetic torque T e ) can be rewritten as
To estimate the cogging torque and back EMF (hence, the instantaneous torque of the proposed machine), the open-circuit radial magnetic flux density in the air gap should be found, and its analytical expression in an SM-PMSM with unequal tooth widths can be presented as
where λ ag and B mag can be found in [36] and [37] , respectively. The cogging torque of the machine can be calculated by virtual work method as The back EMF can be evaluated from the air gap radial flux density near the stator poles. Here, the back EMF of individual phase is computed by the time derivative of the phase flux linkage as
Equations (4) and (5) provide the closed-form solutions for the torque ripple and back EMF characteristics of the SM-PMSM. Although simplified assumptions have been made, this approach allows a rapid determination of the feasible design range, within which the optimal design resides.
III. OUTER-ROTOR DIRECT-DRIVE SM-PMSM
The outer-rotor topology lends itself to a direct-drive motor since it provides the maximum torque density for a given power output among other stator-rotor topologies. Moreover, fractional-slot configurations with similar stator slot and rotor numbers, furnished by concentrated coils with shortened end windings, offer distinct advantages of high efficiency, compactness, and good fault tolerance [38] - [40] . Thus, as shown in Fig. 1 , the proposed machine is an outer-rotor direct-drive PMSM with 40 magnet poles and 48 stator poles, and it employs unequal stator tooth widths, together with single-layer concentrated windings, to achieve near-unity winding factor [41] - [43] . High-strength parallel magnetized rare earth PMs (NdFe35SH) are mounted on the inner surface of the back iron ring, while single-layer concentrated coils are wound around the wider stator poles to achieve high fill factor and flux linkage. Each phase winding has eight identical stator coils connected in parallel. As such, the coils are physically isolated from one another by the narrower stator poles. This results in negligible mutual inductance and good fault tolerance. Moreover, 0.2-mm Nippon Steel 20HTH1500 laminated sheets are used to minimize stator core losses at high electrical frequency. The key design parameters of the machine are given in Table I .
The original machine based on Table I is modeled in 2-D FEA in order to validate the analytical model presented in Section II. Fig. 2 compares the machine's cogging torque profiles using the analytical and 2-D FEA models, while Fig. 3 compares that of the phase back EMF at the rated speed of 2000 r/min. Both show excellent agreements between the outputs of the models. Fig. 4 further compares the overall torque output waveforms at the rated phase current of 34 A (rms) from the two models. Since the analytical model assumes no magnetic saturation at the stator core, it tends to give higher outputs than the 2-D FEA model, where magnetic saturations are accounted for. Thus, the peak-to-peak (P-P) torque ripples are found to be 4.07 and 3.14 N · m, respectively, from the analytical and 2-D FEA models. Moreover, for the average torque, they are 31.6 and 31.0 N · m, respectively. Fig. 4 also shows that the torque ripples have a predominant sixth harmonic, mainly contributed by the considerable cogging torque. Overall, the 
IV. MPAW
In SM-PMSMs, it is known that the rotor MPAW has a direct effect on the harmonic content of back EMF and the magnitude of cogging torque [15] . There exists an optimum MPAW value for minimum flux harmonics and another one for minimum cogging torque, respectively. Since cogging torque and flux harmonics represent the two key sources of torque ripple in the machine, the impacts of the MPAW on them are examined by analytical and 2-D FEA models, respectively. Finally, the effect of the MPAW on the overall torque quality has been revealed.
A. Flux Harmonics
Air gap flux harmonic contents, which would give rise to back EMF harmonics, are greatly influenced by the MPAW [15] . Fig. 5 shows the fundamental, third, fifth, and seventh harmonic contents of the phase back EMF as a function of the MPAW using the analytical and 2-D FEA models. While the fundamental and third harmonics from the analytical model agree well with the ones from 2-D FEA in Fig. 5(a) , there are apparent deviations in Fig. 5(b) for the fifth and seventh harmonics as a result of local saturation effects in the stator pole shoe areas. Although the third harmonic components, which can be virtually eliminated when the MPAW ratio reaches about 0.66, are quite significant, it will be eradicated internally in a three-phase machine. The fifth and seventh harmonics, inspected from (5) as the most significant ones, achieve their minimum when MPAW ratios are about 0.79 and 0.85, respectively, from the analytical model and 0.75 and 0.65, respectively, from the FEA model. Furthermore, the agreements between the analytical and 2-D FEA results for the fifth harmonic are closer than the ones for the seventh, and the fifth harmonic is considerably larger than the seventh. On the whole, the fundamental component of the phase back EMF, which is in common with the machine output torque, increases gradually with MPAW.
B. Cogging Torque
The P-P cogging torque values, normalized to the rated output torque of the machine, are computed over a viable range of MPAW by analytical and 2-D FEA approaches, as shown in Fig. 6 . The variations follow a "V" shape, with the minimum at the optimal MPAW. It is important to note that this optimal value, which separates the two regions with opposite polarities of cogging torque, is load independent [30] . It can clearly be seen that the analytical and 2-D FEA results are in close agreements, and the optimal MPAW ratio is found to be about 0.72.
C. Overall Torque Quality
In order to investigate the effects of the MPAW on the overall torque quality of the machine during loaded conditions, the torque quality evaluations of the machine are carried out by analytical and 2-D FEA models with different current excitations such that the machine delivers the same rated torque with different MPAW ratios. Fig. 7 shows the torque ripple for the machine with different MPAWs. It follows a similar "V" shape variation as in Fig. 6 such that the optimal MPAW at the trough of the curve also splits the two regions with opposing torque polarities. Unlike that of cogging torque, the optimal MPAW for the minimum torque ripple is load dependent. Again, good agreements between the analytical and FEA results are achieved. It shows that the optimal MPAW ratio for the minimum torque ripple for the rated torque is about 0.75, which is slightly larger than the optimal ratio of 0.72 for minimum cogging torque, due to the loading effects.
V. AXIAL POLE PAIRING
As an alternative to the conventional circumferential pole pairing technique, a novel axial pole pairing technique, shown in Fig. 8 , has been proposed to reduce the cogging torque in PM machines [30] . As shown, the magnet pairs can consist of a variety of different axial lengths as well as of different pole arc widths. It can be seen that the new technique can offer distinct advantages in terms of efficient use of magnet material and ease of assembly over other cogging torque reduction methods. Analytically, the axial pole pairing technique can be treated as several machines with different axial lengths but with the same stator configuration axially conjoined together. Thus, by assuming that the axial interactions between the magnets are negligible, the cogging torque and phase back EMF can be derived, respectively, in the following as
In a similar manner, the 2-D FEA results for each machine section with corresponding axial length can be used to synthesize the resultant effect for the entire machine. The analytical equations, together with the aforementioned synthesized 2-D FEA models, thus allow the optimal magnet pair to be tactfully selected for best torque performance. Without loss of generality, this paper investigates only two sets of magnet pole pairs with the same axial lengths. In Figs. 5 and 7, there are potentially infinite possible magnet pole pairs that can effectively suppress the cogging torque and the torque ripple. The rule of thumb is that the pair should generate equal and opposing torque ripples. This is further shown in Figs. 9 and 10, which show the normalized P-P cogging torque and torque ripple for different magnet pairs evaluated from the synthesized 2-D FEA models, respectively. It shows that the average MPAW ratios of the magnet pairs for minimum cogging torque and torque ripple are 0.72 and 0.75, respectively. The final selection of the optimal magnet pair for overall torque ripple reduction should take loading conditions into consideration.
A. Case Study of Selected Optimal Magnet Pairs
For further investigation, the magnet pair of 5.5 • (0.61) and 7.5
• (0.83) MPAWs, which have an average of 0.72 MPAW, is selected for minimum cogging torque. Moreover, the magnet pair of 6.0
• (0.67) and 7.5 • (0.83) MPAWs, which have an average of 0.75 MPAW, is selected for minimum torque ripple at the rated phase current of 34 A (rms). Fig. 11 compares the cogging torques for the machines with 0.61, 0.67, and 0.83 MPAWs, as predicted by the analytical and 2-D FEA models, and confirms that the cogging torque waveforms of the machines with 0.61 and 0.83 MPAWs have similar but opposite peak values, resulting in nearly full cancellation of cogging torque. Pairing with 0.67 MPAW, however, will only result in partial cancellation due to the smaller peak values. Fig. 12 compares the corresponding phase back EMF waveforms at rated speed using the two models, which show overall excellent agreements. To probe further into the harmonic contents, Table II These discrepancies suggest that the analytical models become more inaccurate for higher back EMF harmonic predictions due to a higher level of saturation and flux leakage.
B. Cogging Torque and Phase Back EMF Predictions
The cogging torque and phase EMF performances of the machine with the proposed axial pole pairs of 0.61/0.83 and 0.67/0.83 MPAWs are predicted by the analytical and synthesized 2-D FEA models. Fig. 13 shows that the cogging torque can be effectively reduced to very low levels with the pole pair of 0.61/0.83 MPAW but still to considerable levels for the 0.67/0.83 MPAW pair. Also, there are noticeable discrepancies between the analytical and synthesized 2-D FEA results, which confirm that the assumption made does not account for material nonlinearity in the analytical model. Fig. 14 compares the phase back EMF profiles at rated speed using the two models, and Fig. 15 shows the corresponding harmonic spectra. Better agreements between models, however, are shown in these cases. Having taken into account the nonlinearity of the lamination material, the synthesized 2-D FEA model yields a slightly smaller fundamental component of the phase back EMF than that of the analytical model. However, the reverse is true for the third harmonics, which would nonetheless be eradicated in a three-phase system. As expected, relatively large discrepancies between the analytical and synthesized 2-D FEA models for higher harmonics (fifth and seventh) have been revealed. However, all models show relatively small fifth and seventh harmonics, which underline the effectiveness of the selected pole pairs in generating good-quality sinusoidal line back EMF.
C. Overall Torque Quality Prediction
The overall torque quality of the machine under load conditions is studied by exciting the machine windings with the rated current of 34 A (rms). Fig. 16 shows the complete torque profiles predicted by the two models for each of the selected axial pole pairs, respectively. Fig. 4 , it is found that the P-P torque ripple of the original prototype can be drastically reduced by implementing axial pole pairing with the two proposed magnet pairs, at the expense of a small drop in the average torque output. From the aforementioned comprehensive study, the magnet pole pair which delivers minimum cogging torque would still present quite noticeable torque ripples under load conditions due to the flux harmonics. On the other hand, the prominent cogging toque in the machine with the pole pair which gives minimum torque ripples (sixth harmonic) under rated load condition can be effectively counteracted by the torque pulsations generated by the fifth and seventh flux harmonics. However, the pole pair could produce a relatively high level of torque pulsations under low or no load condition due to the loadindependent cogging torque. The aforementioned results show that the choice of the optimal pole pair is very much dependent on the loading conditions and on the operational envelope of the application. In general, the pole pair for minimum cogging toque may be chosen as the optimal over a wide operational range, especially at no load and light load conditions.
VI. 3-D FEA AND EXPERIMENTAL VALIDATIONS
This section describes the final phase of validations by the 3-D FEA models and experimentation. The 3-D FEA model takes into account any further geometrical effects otherwise omitted in the 2-D FEA models, while the experimental results provide the final validations of all of the models developed and act as the acid test of the viability and practicality of the proposed method.
A. 3-D FEA Model
The 3-D FEA model accounts for the end effects and the axial magnetic interactions of the magnet pair so that the cogging torque, phase back EMF, and torque ripple can be more accurately evaluated. Only one-eighth of the proposed machine is modeled by periodic boundary conditions. Fig. 17 shows the flux density distributions of the machine with the pole pair of 6.1/8.3 MPAW by the 3-D FEA model. In Fig. 17(a) , since there is no armature reaction under no load condition, there is hardly any magnetic saturation. In Fig. 17(b) , there are obvious saturations in both the stator and rotor due to the significant armature excitation under full load condition, which would bring about additional torque pulsations. The 3-D model will take into full consideration these armature reactions to achieve more accurate torque ripple estimations. The results from the 3-D FEA model have revealed that the axial thrust forces caused by the proposed axial pole pairing are negligible.
B. Prototyping Axial Pole Pairing
In addition to the prototype machine with the original 8.0
• MPAW, a new prototype incorporating the axial pole pairing technique with the magnet pair of 5.5
• and 7.5
• MPAW has been developed and built for experimental validations (i.e., only the 0.61/0.83 pole pair was selected for final tests), which is shown in Fig. 18 . To highlight the material-efficient and ease of assembly aspects of the axial pole pairing technique, Fig. 18(a) shows how pole pairing can be easily implemented with one piece of magnet to minimize material wastage rate. The regular pole pair magnet shapes are generally well suited to simple and efficient fabrication processes. Moreover, as shown in the fully assembled prototype in Fig. 18(b) , the magnets are all uniformly distributed and glued onto the back iron. Thus, assembly and the detection of misalignment of magnets can be very cost effectively achieved. On the contrary, circumferential pole paring and other methods may involve fixation of nonuniformly shaped magnets [18] , and on irregular patterns [28] , it will result in heightened hazards and elevated costs in both assembly and detection of misalignment, which are important factors of the design for manufacturability. Furthermore, axial pole pairing preserves machine symmetry, thus allowing parallel connections of the coil in each phase and resulting in no unbalanced radial magnetic force that causes decentering vibrations and wear of bearings.
C. Experimental Validations
This section involves the validation of the FEA models and the viability of the proposed axial pole pairing method by experimental tests. In Fig. 19 , the predicted cogging torque profiles of the prototype implemented with the 0.61/0.83 MPAW pole pair from the FEA models and experiments are compared with those of the prototype with the original 8.0
• MPAW. Significantly, the experimental results confirm that the cogging torque is drastically reduced by the axial pole pairing technique from 3.39 to 0.51 N · m or a nearly 85.0% reduction. They also show that the 3-D FEA results for the prototype with 0.61/ 0.83 MPAW pole pair are closer to the experimental results, and hence, it is more accurate than that of the 2-D model due to the consideration of axial interactions and end effects in the 3-D FEA model. Also, it is observed that, generally, there are relatively large discrepancies between the FEA and experimental results. While the proposed FEA models assume perfect manufacture and assembly of the prototype machine, there are inevitably mechanical tolerances in manufacture and assembly deficiencies in practice. In particular, the machine has relatively large rotor dimensions (outer-rotor configuration) and a high number of magnet poles, making it all the more difficult and costly for magnets to be cut and assembled to the designed tolerances. There are also errors that are due to lamination stack assembly and stator-rotor eccentricity. In general, cogging torque is very sensitive to these machine parameters. Thus, taking these factors in consideration and allowing errors that are due to measurement and instrumentation, the cogging torque results are considered satisfactory.
The phase back EMF waveforms of the two prototypes measured at rated speed are compared with the corresponding 2-D and 3-D FEA ones in Fig. 20 . Since measurement of voltage is normally less sensitive to mechanical deficiency of the machine and experimental errors than that of cogging torque, there are very close agreements between the predicted and measured results. To further investigate the phase back EMF, harmonic analysis has been undertaken, as shown in Fig. 21 , which shows that the fifth and seventh harmonics are small but not negligible in practice. In particular, the fifth harmonic in the prototype with the original 8.0
• MPAW is quite noticeable. The fundamental component of the phase back EMF in the prototype with pole pairing by the 3-D FEA is slightly smaller than the 2-D FEA one as a result of taking into account both the axial interactions and the end effects. The ones from the experimental measurement are about 3% lower than the estimated ones. One main reason for this discrepancy is that the lamination stacking effects are not factored in the FEA models. Furthermore, it can be found that the fundamental component of the back EMF in the prototype with the original 8.0
• MPAW is nearly 6% higher than the one in the prototype with axial pole pairing.
Finally, loaded tests were performed on the two prototypes by feeding them with sinusoidally modulated current at a derated speed of 20 r/min, loaded with a dynamometer, to simulate a direct-drive application. The developed torques at the rated current of 34 A (rms) are shown in Fig. 22 , in which the 2-D and 3-D FE simulation results are also included for comparison. It is noted that the experimental torque waveforms have predominant sixth harmonics as the simulated results. For the prototype with the original 8.0
• MPAW, the torque ripple is mainly due to its outstanding cogging torque, while for the one in the prototype with pole pairing, it is mainly formed by interactions between the fundamental current component with the fifth, as well as the seventh harmonic, in the back EMF, as shown in Fig. 21 . Moreover, there are inevitable controller-induced torque ripples in practice. These explain the appearance of other harmonics in the measured torque ripples. Furthermore, due to the friction and lamination stacking factor effects, the average torque is reduced further in the experimental measurements. The average torque outputs of the prototype with the original 8.0
• MPAW from the 2-D FEA and experimental results are 31.02 and 30.10 N · m, respectively, while the corresponding P-P torque ripples are 3.14 and 4.33 N · m. The average torque outputs of the prototype with the 6.1/8.3 MPAW pole pairing from the 2-D FEA, 3-D FEA, and experimental results are 29.25, 28.59, and 27.78 N · m, respectively, while the corresponding P-P torque ripples are 0.75, 0.70, and 1.40 N · m. Thus, the overall torque ripple of the machine is effectively reduced by 66.7% by axial pole pairing but at the expense of a reduction of 7.7% of the overall average torque output of the machine.
D. Selection of Optimal Pole Pairs
Whereas the aforementioned experimental results for loaded conditions demonstrate the utility of axial pole pairing, they also further underline the load dependence of selecting the optimal pole pairs. For a direct-drive application, where high torque at low speed can manifest prominently the undesirable side effects caused by torque ripples, the choice of the optimal pair should be based on the specific load conditions. This should also be the case for other applications. With the validated FEA models, many potential optimal solutions by specific magnet pole pairs can be readily generated. Nonetheless, the final selection of the optimal pole pair depends critically on the tactful considerations of the prospective load conditions of the application.
VII. CONCLUSION
The new axial pole pairing technique for cogging torque and torque ripple reductions has been investigated, and its utility in a special outer-rotor three-phase PMSM with an uneven 48-slot 40-pole fractional-slot configuration has been comprehensively demonstrated by means of optimizations involving cogging torque, flux harmonic, and overall torque quality evaluations. Analytical and synthesized 2-D FEA models have been used in the optimization and performance predictions. Furthermore, 3-D FEA and experimental tests have been undertaken to validate the analytical and 2-D FEA results, as well as the proposed axial pole pairing technique itself.
In addition, it is shown that the proposed pole pairing is a material-efficient technique that can be implemented with minimum material wastage rate on rare earth magnets and can benefit from ease of assembly and detection of magnet misalignment. Furthermore, although it is not implemented in this paper, the technique also lends itself to axial magnet segmentation schemes for reduction of eddy current losses in the rotor. It is envisaged that the proposed axial pole pairing method can also be applied to other PM machines with different configurations such as the PM flux switching machine.
